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We review recent results on the Bethe Ansatz solutions for the eigenvalues of the
transfer matrix of an integrable open XXZ quantum spin chain using functional relations
which the transfer matrix obeys at roots of unity. First, we consider a case where at
most two of the boundary parameters α
−
,α+,β−,β+ are nonzero. A generalization of the
Baxter T − Q equation that involves more than one independent Q is described. We use
this solution to compute the boundary energy of the chain in the thermodynamic limit.
We conclude the paper with a review of some results for the general integrable boundary
terms, where all six boundary parameters are arbitrary.
PACS : 02.30.Ik;75.10.Pq
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1 Introduction
While the open spin-1/2 XXZ quantum spin chain (with diagonal boundary
terms) has been solved and well understood [1, 2, 3], the solution for the correspond-
ing XXZ chain with general integrable boundary terms, has remained unsolved. The
Hamiltonian for this model is given by [4, 5]
H =
N−1∑
n=1
1
2
(
σxnσ
x
n+1 + σ
y
nσ
y
n+1 + cosh ησ
z
nσ
z
n+1
)
+
1
2
sinh η
[
cothα− tanhβ−σ
z
1 + cosech α−sech β−
(
cosh θ−σ
x
1 + i sinh θ−σ
y
1
)
− cothα+ tanhβ+σ
z
N + cosech α+sech β+
(
cosh θ+σ
x
N + i sinh θ+σ
y
N
)]
(1)
where σx,σy,σz are Pauli matrices, η is the bulk anisotropy parameter, α±,β±,θ±
are the boundary parameters, and N is the number of spins. However, the case
of nondiagonal boundary terms with the boundary parameters satisfying certain
constraint has been solved recently [7, 8]. Hence, it would be desirable to find the
solution for the general case, with such constraint removed.
The outline of this paper is as follows. In section 2, we review our Bethe Ansatz
solutions for special case at roots of unity [10] which we utilize to compute the
boundary (surface) energy of the XXZ chain [12]. Next, in section 3, we present the
Bethe Ansatz solution for the general case [13]. This is followed by a brief conclu-
sion of the paper together with some outline of possible future works on the subject
in section 4.
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2 Special case
Here, the results are presented for odd values of p 1), where p is related to η
through η = ipi
p+1 .
2.1 Bethe Ansatz
We consider the case with the following choice of boundary parameters; β± =
0 ,θ− = θ+ ,α± arbitrary. One crucial step here is to notice that certain functional
relation which the transfer matrix, t(u) and its eigenvalues, Λ(u) obey at roots of
unity [6], can be written as [11]
detM(u) = 0 , (2)
We give an example of the functional relation below, for p = 3
Λ(u)Λ(u+ η)Λ(u+ 2η)Λ(u+ 3η)− δ(u)Λ(u+ 2η)Λ(u+ 3η)− δ(u+ η)Λ(u)Λ(u + 3η)
−δ(u+ 2η)Λ(u)Λ(u+ η)− δ(u+ 3η)Λ(u+ η)Λ(u+ 2η)
+δ(u)δ(u+ 2η) + δ(u+ η)δ(u + 3η) = f(u) . (3)
δ(u) and f(u) are known scalar functions in terms of boundary parameters [9, 10].
The matrix M(u) is given by [10],
M(u) =


Λ(u) − δ(u)
h(1)(u)
0 . . . 0 − δ(u−η)
h(2)(u−η)
−h(1)(u) Λ(u+ η) −h(2)(u+ η) . . . 0 0
...
...
...
. . .
...
...
−h(2)(u− η) 0 0 . . . −h(1)(u+ (p− 1)η) Λ(u+ pη)

 , (4)
where h(1)(u) and h(2)(u) are functions which are ipi-periodic. Comparing (2) to
the functional relation for the eigenvalues, one can solve for h(1)(u). Also, h(2)(u) =
h(1)(−u− 2η), as one would conclude from the crossing properties of Λ(u) and (8)
below. The matrix above has the following symmetry, TM(u)T−1 =M(u+2η) and
T ≡ S2. OtherM(u) matrices we found with stronger symmetry yield inconsistent
results. Details on this argument can be found in [10]. Here S is
S =


0 1 0 . . . 0 0
0 0 1 . . . 0 0
...
...
...
. . .
...
...
0 0 0 . . . 0 1
1 0 0 . . . 0 0

 , S
p+1 = I. (5)
Hence, we have
h(1)(u) =
8 sinh2N+1(u+ 2η) cosh2(u + η) cosh(u+ 2η)
sinh(2u+ 3η)
, (6)
1) for even p values,we refer readers to [9]
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The above symmetry for the present M(u) suggests a null eigenvector, v(u) =
(Q1(u) , Q2(u+ η) , . . . , Q1(u− 2η) , Q2(u− η)) with the following ansatz for Qa(u)
Qa(u) =
Ma∏
j=1
sinh(u− u
(a)
j ) sinh(u+ u
(a)
j + η) , a = 1 , 2 , (7)
Note that there are two Q(u) functions, a direct consequence of the weaker sym-
metry mentioned above. Thus, we have the following T −Q relations
Λ(u) =
δ(u)
h(1)(u)
Q2(u+ η)
Q1(u)
+
δ(u− η)
h(2)(u− η)
Q2(u− η)
Q1(u)
,
= h(1)(u− η)
Q1(u− η)
Q2(u)
+ h(2)(u)
Q1(u+ η)
Q2(u)
. (8)
with M1 =
1
2 (N + p+ 1) and M2 =
1
2 (N + p− 1) .
We see that (8) is a coupled equation in terms of Q1(u) and Q2(u), hence
exhibiting a generalized structure of T −Q relation. Bethe Ansatz follows directly
by demanding analyticity for the Λ(u).
δ(u
(1)
j ) h
(2)(u
(1)
j − η)
δ(u
(1)
j − η) h
(1)(u
(1)
j )
= −
Q2(u
(1)
j − η)
Q2(u
(1)
j + η)
, j = 1 , 2 , . . . ,M1 ,
h(1)(u
(2)
j − η)
h(2)(u
(2)
j )
= −
Q1(u
(2)
j + η)
Q1(u
(2)
j − η)
, j = 1 , 2 , . . . ,M2 . (9)
2.2 Boundary energy
The energy for the chain of finite length is given by
E =
1
2
sinh2 η
2∑
a=1
Ma∑
j=1
1
sinh(u˜
(a)
j −
η
2 ) sinh(u˜
(a)
j +
η
2 )
+
1
2
(N − 1) cosh η (10)
where u˜
(a)
j ≡ u
(a)
j +
η
2 , We make the string hypothesis that, for suitable values of
boundary parameters 2), the ground state roots,{u˜
(1)
j } and {u˜
(2)
j } have the following
form as N →∞.{
v
(1,1)
j : j = 1 , 2 , . . . ,
N
2
v
(1,2)
j +
ipi
2 , : j = 1 , 2 , . . . ,
p+1
2
,
{
v
(2,1)
j : j = 1 , 2 , . . . ,
N
2
v
(2,2)
j +
ipi
2 , : j = 1 , 2 , . . . ,
p−1
2
, (11)
{v
(a,b)
j } are all real and positive. The logarithm of the Bethe equations for both sets
of sea roots, {v
(1,1)
j } and {v
(2,1)
j } gives the ground state root densities, ρ
(1)(λ) and
ρ(2)(λ) with v
(a,b)
j = µλ
(a,b)
j . The energy depends only on the sum of root densities
2) Readers are urged to refer to [12] for a detail discussion on this matter
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computed from the counting functions. Further, using (10) (where
∑
. . .→N
∫
(ρ(1)(λ)+
ρ(2)(λ))dλ . . . in the thermodynamic limit, N → ∞) and keeping term of order 1,
we have the following
E±boundary = −
sinµ
2µ
∫ ∞
−∞
dω
1
2 cosh(ω/2)
{cosh((ν − 2)ω/4)
2 cosh(νω/4)
−
1
2
+
sinh(ω/2) cosh((ν − 2|a±|)ω/2)
sinh(νω/2)
}
−
1
4
cosµ . (12)
where α± = iµa± and µ = −iη. + and - refer to right and left boundary respectively.
3 General case (p > 1)
Finally, we present the solution for the case of general nondiagonal boundary
terms. We first present the matrix, M(u), for this case
M(u) =


Λ(u) −m1(u) 0 . . . 0 0 −np+1(u)
−n1(u) Λ(u+ η) −m2(u) . . . 0 0 0
...
...
...
. . .
...
...
...
0 0 0 . . . −np−1(u) Λ(u+ (p− 1)η) −mp(u)
−mp+1(u) 0 0 . . . 0 −np(u) Λ(u+ pη)

 (13)
where the matrix elements,{mj(u) , nj(u)} are given by [13]
mj(u) = h(−u− jη) , nj(u) = h(u + jη) , j = 1 , 2 , . . . , p ,
mp+1(u) =
z−(u)∏p
k=1 h(−u− kη)
, np+1(u) =
z+(u)∏p
k=1 h(u+ kη)
, (14)
where
h(u) = −4 sinh2N (u+ η)
sinh(2u+ 2η)
sinh(2u+ η)
×
sinh(u+ α−) cosh(u+ β−) sinh(u + α+) cosh(u+ β+) (15)
and
z±(u) =
1
2
(f(u)± g(u) Y (u)) (16)
Explicit expressions for g(u) and Y (u) (a non-analytic function) and their proper-
ties are given in [13]. The null eigenvector is v(u) = (v1(u) , v2(u) , . . . , vp+1(u))
3).
Periodicity ofM(u) makes it reasonable to assume the same ipi periodicity for v(u).
Utilizing M(u)v(u) = 0 together with the following ansatz for vj(u)
4),
vj(u) = aj(u) + bj(u) Y (u) , j = 1 , 2 , . . . , ⌊
p
2
⌋+ 1 , (17)
3) vj+p+1 = vj
4) with following crossing property, vj(−u) = vp+2−j(u) , j = 1 , 2 , . . . , p+1 .
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where
aj(u) = Aj
2Ma∏
k=1
sinh(u− u
(aj)
k ) , bj(u) = Bj
2Mb∏
k=1
sinh(u− u
(bj)
k ) , j 6=
p
2
+ 1 ,
a p
2+1
(u) = A p
2+1
Ma∏
k=1
sinh(u− u
(a p
2
+1
)
k ) sinh(u+ u
(a p
2
+1
)
k ) ,
b p
2+1
(u) = B p
2+1
Mb∏
k=1
sinh(u− u
(b p
2
+1
)
k ) sinh(u+ u
(b p
2
+1
)
k ) , (18)
and equating analytic and non-analytic terms separately, one would derive a set of
generalized T −Q equations [13]. Here Ma = ⌊
N−1
2 ⌋+2p+1 and Mb = ⌊
N−1
2 ⌋+ p.
Using similar arguments as in section 2.1, and invoking analyticity of Λ(u), we
get the following Bethe-Ansatz like equations for the zeros {u
(aj)
l } and {u
(bj)
l } of
the functions {aj(u)} and {bj(u)} respectively,
h(−u
(a1)
l − η) = −
f(u
(a1)
l ) a1(−u
(a1)
l ) + g(u
(a1)
l ) Y (u
(a1)
l )
2 b1(−u
(a1)
l )
2a2(u
(a1)
l )
∏p
k=1 h(u
(a1)
l + kη)
,
h(−u
(aj)
l − jη)
h(u
(aj)
l + (j − 1)η)
= −
aj−1(u
(aj)
l )
aj+1(u
(aj)
l )
, j = 2 , . . . , ⌊
p
2
⌋+ 1 , (19)
and
h(−u
(b1)
l − η) = −
f(u
(b1)
l ) b1(−u
(b1)
l ) + g(u
(b1)
l ) a1(−u
(b1)
l )
2b2(u
(b1)
l )
∏p
k=1 h(u
(b1)
l + kη)
,
h(−u
(bj)
l − jη)
h(u
(bj)
l + (j − 1)η)
= −
bj−1(u
(bj)
l )
bj+1(u
(bj)
l )
, j = 2 , . . . , ⌊
p
2
⌋+ 1 . (20)
Normalization contants {Aj , Bj} ,j = 1 , . . . , ⌊
p
2⌋+1 , can be determined by noting
the poles at u = − η2 and u = −α−−η, and from the analyticity of Λ(u). This yields
few extra Bethe-Ansatz like equations that can be solved for these normalization
constants.
4 Conclusion
We have presented Bethe Ansatz solutions for both special and general cases.
The solutions presented here have been verified for completeness numerically. How-
ever, these solutions do not hold for generic values of η, but only for special values,
ipi
p+1 . Further, we have demonstrated the use of string hypothesis to compute the
ground state boundary energy for a special case. The Bethe Ansatz equations ap-
pear in a generalized form due to the appearance of multiple Q(u) (or a(u) and
b(u)). Few questions needed to be answered here. Firstly, having found the general
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solutions, can they lead to some other interesting results, e.g. finite size effects?
Secondly, do solutions exist for generic values of η? These are certainly questions
of utmost importance that we hope to pursue and address in future.
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